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Abstract. We formalise a notion of p-adic Langlands functoriality for the definite 
unitary group. This extends the classical notion of Langlands functoriality to the 
setting of eigenvarieties. We apply some results of Chenevier to obtain some cases 
of p-adic Langlands functoriality by interpolating known cases of classical Langlands 
functoriality. 



1. Introduction 

The Langlands functoriality conjectures predict deep properties of automorphic repre- 
sentations of connected reductive groups. For definite unitary groups, Chenevier [ChelO| 
has constructed a space of p-adic automorphic forms which interpolate the classical au- 
tomorphic forms. The p-adic automorphic forms can be parameterised by a p-adic rigid 
analytic space known as the eigenvariety. It is a natural problem to extend the notion 
of Langlands functoriality to the setting of eigenvarieties, that is to introduce a notion 
of p-adic Langlands functoriality. Chenevier [Che05] studied this problem in the case 
of the Jacquet-Langlands correspondence. Chenevier was able to extend the Jacquet- 
Langlands correspondence to the setting of eigenvarieties. The aim of this article is to 
formalise a notion of p-adic Langlands functoriality for the definite unitary group and 
to construct some examples. 

The Q p -points on an eigenvariety T> are parameterised by pairs (A, k) where A : %~ — > 

Qp is a system of eigenvalues and k £ W(Q p ) a weight coming from certain p-adic auto- 
morphic forms. In order to introduce a notion of p-adic functoriality, we construct under 
a technical hypothesis (see Hypothesis 13.4. lj) morphisms between the Hecke algebras and 
the weight spaces of definite unitary groups corresponding to a given L-homomorphism. 
The constructions are natural generalisations of the constructions appearing in classi- 
cal Langlands functoriality with one important distinction. Unlike classical Langlands 
functoriality, the notion of p-adic Langlands functoriality depends upon a non-canonical 
choice for the refinement map in addition to the chosen L-homomorphism. Different 
choices for the refinement map give rise to different cases of p-adic Langlands functori- 
ality. The need to define the refinement map comes from the fact that the eigenvariety 
interpolates pairs of automorphic forms and accessible refinements. The need to trans- 
fer refinements between groups requires us to introduce a non-canonical map. Having 
made the appropriate definitions, we proceed to obtain certain cases of p-adic Langlands 
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functoriality for which the classical Langlands functoriality transfer is known. The p- 
adic Langlands functorial transfer is obtained by interpolating the classical Langlands 
functorial transfer using work of Chenevier [Chc05]. 

Let us describe the contents of this article. In Section [21 we recall the construction 
of the eigenvariety for the definite unitary group. In Section [3j we introduce the notion 
of p-adic Langlands functoriality for the definite unitary group. In Section [H we inter- 
polate known cases of Langlands functoriality to obtain some cases of p-adic Langlands 
functoriality for the definite unitary group. 

1.1. Acknowledgements. I would like to thank Gaetan Chenevier, Michael Harris, 
Judith Ludwig, and Alberto Minguez for helpful comments and conversations. I am 
particularly grateful to Gaetan Chenevier who explained how his results could be applied 
to the problem at hand. I would also like to thank an anonymous referee whose comments 
significantly improved this article. 

1.2. Conventions and notation. We shall normalise the Artin map from class field 
theory so as to send uniformizers to geometric Frobenii. The local Langlands corre- 
spondence shall be normalised as in Harris- Taylor [HT01. Unless specified otherwise, 
we shall assume that representations are irreducible and admissible with complex coeffi- 
cients. Parabolic induction shall always refer to unitarily normalised parabolic induction. 

If k is a p-adic field, we shall fix a uniformizer tJ^ which shall also be written as uJ. 
We shall fix field isomorphisms i v : C —> Q„ for all rational primes p. 

2. The eigenvariety 

We shall recall the construction of the eigenvariety for definite unitary groups. The 
construction is due to Buzzard [Buz07j and Chenevier [ChelO] (see also Loefner |Loell| ). 

2.1. The definite unitary group. Let E/F be a totally imaginary quadratic extension 
of a totally real field. Let U = U n = U n (E/F) denote the unitary group in n- variables 
associated to the extension E/F that is compact at infinity and quasi-split at all finite 
places (cf. |Whil21 §2]). Such a group exists exactly when either n is odd or n is 
even (cf. |Whil2[ Proposition 2.1]). The local forms of U are described below. 

• For all archimedean places v of F , U u = U x p F v is isomorphic to the n- variable 
real compact unitary group. 

• For all finite places v of F that are non-split in E, U u ~ U*(E U / F u ) the n- variable 
quasi-split unitary group associated to the extension E v jF v . 

• For all finite places v of F that split in E, U v ~ GL n /F u . We warn the reader 
that the isomorphism is non-canonical. It essentially depends upon the choice of 
a place of E lying above v (cf. |Whil21 §2]). We shall fix such an isomorphism 
at the finite split places and identify the two groups. 

Let n = (ni, . . . ,n r ) G N r , and let n = Ya=i n i- We shall be interested in the fibre 
product of the definite unitary groups 

r 

i=l 
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where we have implicitly assumed that n is such that the individual definite unitary 
groups U ni exist. We shall fix an extension of Ua/F to a smooth group scheme Uft/OF,s rain 
where S ia , m is the set of archimedean places of F and the finite places of F that ramify 
in E. 

2.2. Some subgroups. Let v be a finite place of F. We shall recall some important 
subgroups of GL m (F u ) below. 

• Let T v C GL m (F u ) be the maximal split torus consisting of the diagonal matrices. 

• Let Ty C T v be the maximal compact subgroup consisting of the diagonal ma- 
trices in GL m (C>F v ). 

• Let T~ C T u (resp. T v C T v ) be the submonoid consisting of the elements of 
the form 

diag(xi, . . .,x m ) 

where v(xi) > v(x2) > ••• > v(x m ) (resp. v(xi) > ••• > v(x m )) where v(x) 
denotes the valuation of an element x G F v . 

• Let Ty C T v (resp. Ty~ C T v ) be the subgroup (resp. submonoid) consisting of 
the elements of the form 

diag(u; Al , . . . ,uJ Xm ) 

where Ai, . . . , X m G Z (resp. Ai > • • • > A m ). 

• Let B v C GL m (F u ) be the Borel subgroup consisting of the upper triangular 
matrices. 

• Let N u C GL m (F u ) be the unipotent subgroup consisting of upper triangular 
matrices with 1 on their diagonals. 

• Let I u C GL m (O u ) be the Iwahori subgroup consisting of the upper triangular 
matrices modulo uJ. 

• Let My C GL m (Fy) be the submonoid generated by l u and T~ . 

We have canonical isomorphisms T v jTy ~ Ty and T~ /Ty ~ Ty' . If u splits in E, 
then we define the analogous subgroups of Uft(Fy) = GL ni (F u ) x • • • x GL nr (F u ) in the 
obvious way (e.g. T v = T GLn ^ v x • • • x T GLn ^ v where T GLn . jV denotes the previously de- 
fined subgroup of GL ni (Fy) of diagonal matrices). If S is a finite set of non- archimedean 
places of F that split in E, then we define the analogous subgroups of flues Ufi(F v ) in 
the obvious way (e.g. T s = ELeS 7 ^)- 

2.3. The datum. An eigenvariety for depends upon the choice of a datum (p, S, e, <p) 
whose elements £1X6 clS follows. 

• p is a rational prime that splits completely in E. 

• S p is the set of places of F lying above p. 

• Soo is the set of archimedean places of F. 

• S is a finite set of non- archimedean places of F containing all the places of F 
that are ramified in E and such that S n S p = 0. 

• K s = Wy^ s K v C Ufi(A^) is the compact open subgroup such that K v = U,fi{O v ) 
is maximal hyperspecial for all v ^ S p U S and K v = I v for all v G S p . 

• For all v G S, e u is a non-trivial idempotent of the Hecke algebra {U^{Fy)^ Q p ) . 
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• e = ^>u<=s^u ® 1_r-s seen as an idempotent of the Hecke algebra C£°([/^(Aj), Q p ) 
where l K s denotes the identity function on the compact open subgroup K . 

• <t> e Q P [Ts p -}. 

We shall identify the sets Soo and S p via the field isomorphism [ p :C4 Q p . Explicitly 
this bijection is given as follows. 

ip 1 : Hom(F,Q p ) -> Hom(F,C) 

V h-> t~ 1 O l> 

2.4. The Hecke algebras. We shall recall the commutative Hecke algebras that are 
relevant to a chosen datum (p, S,e,cj>). The spherical Hecke algebra of XJ^ outside of 

5 U S p is defined to be 

H UI = (K SuSp \Uji (A S f uSp )/K SuSp , Q p ). 

If f 6 S^, then we shall have need of the Atkin-Lehner sub-algebra il~ of the Hecke- 
Iwahori algebra 

A = C™(I u \U n (F v )/I v ,Q p ). 
The Q p -subalgebra il~ C A is defined to be the sub-algebra generated by the identity 
functions li v tl v for all t G T~. We finish by defining the commutative Q p -algebras 

IT = ®veS p U„ and U~ = IT ® ft ur - 

2.5. The weight space. If ^ € Sp, then one defines to be the Q p -rigid analytic 
space that represents the functor 

W, = Hom cts _ gp (T°,G^). 

The weight space is defined to be the Q p -rigid analytic space 

w= l\w u . 

Remark 2.1. The weight space W is isomorphic to the finite disjoint union of open balls 
of dimension n[F : Q]. 

Let w be a real place of F and let v = l p o lo be the corresponding place above p. We 
have the group embedding 

Un(F u ) C/^) = (GL m x • • • x GL riT )(E u} ). 

We shall fix E 1 C a field embedding above oj. This induces an isomorphism E u ~ C 
from which we obtain the group embedding 

U n (F u ) (GL ni x ••• x GL n ,.)(C) ^> (GL ni x ■ ■ ■ x GL rir )(F u ) = U H {F V ). 

The group Uft (F u ) is compact. Its irreducible admissible representations are obtained 
by restriction from the finite dimensional irreducible algebraic representations of Uft(F u ) 
(cf. |BC09l §6.7]). Such representations are classified by their highest weight characters 
(with respect to the Borel B u ). If ir^ is an irreducible admissible representation of 
Ufi(F u ), then we shall write 
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for the highest weight character of ir^. The character is of the following form. 

k(7t w ) : T 1>u x • • • x T r>v 

diag (xi,!, . . . ,xi >ni ) x ••• x diag (x T} x, . . . , x r>nr ) 

where kit G Z and kij > k^k for all 1 < i < r and for all 1 < j < A; < n%. The tuple of 
integers 

{h,j ■ 1 < i < r, 1 < j < rii} 
is called the set of highest weights of the representation tt u . The highest weight is said 
to be regular if 

for all 1 < i < r and for all 1 < j < k < n{. 

If 7TOO is an irreducible admissible representation of [/^(Aqo), then i:^ is said have 
regular highest weight if for all uj\oo, the highest weight of 7r w is regular. We shall write 

/?(7Too) = ®u\ooK(Ku>) ■ T Sp Qp 

for the highest weight character of tToq. Such a character (or more precisely its restriction 
to Tg ) gives a Q p -valued point in the weight space 

k(vtoo) E W(Q p ). 

A point <5 G W(Q p ) is said to be regular classical if it is of the form k(7Too) for some 7roo 
of regular highest weight. 

2.6. Refinements. We shall recall the notion of an accessible refinement following 
[ChelCH §1.4] (see also |BC09l §6.4]). Let v G S p and let ir u be an irreducible ad- 
missible representation of Uft(F u ) = GL ni (F u ) x • • • x GL nr (F u ). A refinement of ir u is 
an unramified character 

Xu '■ Tf ~ T v /I* Qp 

such that ir u appears as a constituent of the induced representation Ind^ n '"t~ 1 Xv A 
refinement is said to be accessible if tt u appears as a subrepresentation of the induced 
representation. 

Remark 2.2. A continuous group homomorphism Xv '■ T£'~ — > Q* uniquely extends to 

a continuous group homomorphism Xv '■ Tjf — > Q* . These two equivalent descriptions 
shall be used interchangeably throughout this article. 

The following result shows that accessible refinements exist exactly for the represen- 
tations with Iwahori-invariant vectors. 

Lemma 2.3 (Bernstein, Borel, Casselman, Matsumoto). Let v G S p . 
• We have the equality M v = \J t ^ T u,- I u tl u . Furthermore, the map 

t:M v ^ T^- 
defined by the relation m G I u T(m)I u is a surjective multiplicative homomor- 
phism. 
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• The map 

is multiplicative, and it extends to give the Q p -algebra isomorphism 

Q p [T^-]^il-. 

• Let ir u be an irreducible admissible representation ofU^(F u ). We shall view ir u 
as a Q p [Tu' \-module via the previous isomorphism. Then 

(^) ss -e^o(x^: /2 ) 

where Xv runs through the accessible refinements ofir u , ss denotes semi-simplification, 
and Sb u '■ T u /T® — > Q* denotes the modulus character viewed with coefficients 
in Q p via the isomorphism t p . 

Proof. [BC091 §6.4] □ 

Remark 2.4. To give a refinement of an irreducible admissible representation of Ua(F u ) 
with an Iwahori invariant vector is equivalent to giving an ordering of the eigenvalues of 
the semi-simple conjugacy class of (GL m x • • • x GL nr )(Q p ) associated to the geometric 
Frobenius via the local Langlands correspondence. In general, not all refinements will be 
accessible. For example, the Steinberg representation has a single accessible refinement. 

If tt is an automorphic representation of U^Ap), then a refinement (resp. accessible 
refinement) of tt is an unramified character 

X = ®veS P X» ■ T% ~ T Sp /Tl -)■ Q p x 

such that Xu is a refinement (resp. accessible refinement) of the representation ir u for 
all v 6 S p . To avoid problems of algebraicity in the construction of the eigenvariety, one 
normalises a refinement x °f 71 as follows 



— 1/2 



Q 



where k(tToo) is viewed by restriction as a character of Tg . 

2.7. Module valued automorphic forms. We shall recall the notion of a module 
valued automorphic form (see [Gro99j for the general theory). Following the discussion 
in Section [2.51 we have the commutative diagrams 



Ft 



U H (F)<- 



Un(A Sp ) 



n 



oj\oo 



U*(Ar 



EL|oo GL ni 



GL nr (C) 



where F is embedded diagonally into both Aoo and As p . An irreducible admissible rep- 
resentation W of Ua(A QO ) is obtained via restriction from a unique irreducible algebraic 
representation of n^ioo GL ni x • • • GL nr (C), which shall also be denoted by W. Using 

the ring isomorphism t p : C ^> Q p , we shall view W as a representation with coefficients 
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in Q p . The above diagram equips W with a group action of Ug(As p ). We define the 
Q p -vector space 

A(U W) = ' U n( F )\ U n( A f) -> W : / is smooth outside of S p , 
{ j ~ I f(gk Sp ) = k£f(g),Vg G ^(A/J.Vfcs, G I Sp 



where by / is smooth outside of S p , we mean that / is invariant under right translation 

The monoid C/^(aJ p 



by some compact open subgroup of Uft(AJ'). The monoid f7g(A/) x acts on the 



space as follows 

hk Sp f)(g) = k s J(97k Sp ) V 7 Gt^(Af) VfcGM 5p V/G^l(C/g,W). 

This action allows us to view A W) as a "% - -module. 

The relationship between these modules and the usual notion of an automorphic 
representation is given by the following result. 

Lemma 2.5. There exists an isomorphism of ~H~ -modules 

A(u R ,w) (g) c~0m(n)n^ 

o r 1 n 

where H runs through the automorphic representations of Uft such that Hoq ~ W and 
Ho p 7^ 0, and m(H) denotes the multiplicity of H in the discrete automorphic spectrum 
ofU H . 

Proof. [ Gro9H Chapter II] □ 

2.8. Systems of Banach modules. We shall recall Buzzard's |Buz07] property (PR) 
for Banach modules and the notion of a system of Banach modules following Chenevier 
|Che051 §1]. Let A be a commutative noetherian Q p -Banach algebra. An A-Banach 
module M is said to satisfy the property (PR) if there exists another ^4-Banach module 
M' such that M © M' is isomorphic (but not necessarily isometrically isomorphic) to an 
orthonormal ^4-Banach module. A system of (PR) A-Banach modules is defined to be 
a set 

M = {Mi-Li : i G N} 

where for all i £ N, 

• Mj is an j4-Banach module satisfying the property (PR), and 

• Li : Mi — >• Mj + i is an j4-linear compact morphism. 

The corresponding inverse limit is written as = ^im Mj. Let S be a reduced separated 
Qp-rigid analytic space. A sheaf of (PR) Banach modules on S is a sheaf of modules B 
on <S such that 

• for all open affinoids V C S, B(V) is an 0(y)-Banach module satisfying the 
property (PR), and 

• for all open affinoids V' C V C S, the base change morphism 

B{V)® {V)0{V) -> B{V) 
is an isomorphism of C(T^')-Banach modules. 
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A system of (PR) Banach modules on S is a set 

M = {Mf, Li : i G N} 

where for all i € N, 

• Mj is a sheaf of (PR) Banach modules on S, and 

• Li : Mi — > Mj + i is a sheaf morphism such that for all open affinoids V C S, 
LiiV) : Mi(V) — > Mj + i(V) is an 0(V)-linear compact morphism. 

If V C 5 is an open affmoid, then we shall denote the corresponding system of (PR) 
O (F)-Banach modules by 

M(V) = {M i (V);L i :ieN}. 

If x € <S(Q p ), then we shall denote the corresponding system of (PR) Q p -Banach modules 
by 

M x = {M i;X ; Li : i e N} 

where for ieN, Mj^ = Mj (V) £3e>(v)Q P where V C 5 is an open affmoid neighbourhood 
of x and the map 0(V) — > Q p is the one given by the point x. An endomorphism of M 
is a set 

4> = {<fii(V) : V C S open affmoid, ieN sufficiently large} 

where each 4>i(V) : Mj(V) — )■ Mj(V) is a continuous C(F)-linear endomorphism, and the 
(j>i{V) commute with both the tj and the base change morphisms between open affinoids 
V c V c S. 

Let Comp(M) C End(M) be the two-sided ideal consisting of endomorphisms <f> such 
that for all open affinoids V C S, there exists for i sufficiently large, a continuous 0{V)- 
linear morphism i^i{V) : Mj + i(V) — » Mj(V) such that the following diagram commutes. 

<t>i(V) 

Mi{V) Mi{V) 



h(v) 



M i+1 (vf^M i+1 (V) 

2.9. Buzzard's eigenvariety machine. We shall consider a datum (5, M, T, (f>) where 

• <S is a reduced separated Q p -rigid analytic space, 

• M is a system of (PR) Banach modules on S, 

• T is a commutative Q p -algebra equipped with a homomorphism T — >■ End(M), 
and 

• (j) G T acts compactly on M (that is acts compactly on the Mi(V) for all 
ieN and for all open affinoids V C S) and satisfies the compatibility condition 
4> € Comp(M). 

A Q p - valued system of eigenvalues for (<S,M, T, 0) is a pair (A,x) where 

• if «5(Q p ) and 

• A : T — > Q p is a Q p -algebra homomorphism such that there exists a non-zero 
m £ Mj for which a(m) = A(a) • m for all a € T. 

A system of eigenvalues (A, x) is said to be ^-finite if X(4>) ^ 0. 
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Theorem 2.6. There exists a tuple (T>, ift, k) where 

• D is a Q p -rigid analytic space, 

• tft : T — > 0(T>) is a Q p -algebra homomorphism, and 

• k : T> — > S is a morphism of rigid analytic spaces 

such that 

• the map v = (k, f/K^) -1 ) :P->5x G{Jf is a finite morphism, 

• for all open affinoids V C S x Gm, the natural map 

?ft®v* : T®0(V) -> 0(i/ _1 (V)) 

is surjective, and 

• the natural evaluation map 

V(Q p ) -> Hom(T, Q p ), x ^ : (ft H- i/)(h)(x)) 

induces a bisection x i-> (ip x ,K(x)) between the set of Q p -valued points of V and 
the set of eft- finite Q p -valued systems of eigenvalues for (5, M, T, (ft). 
Furthermore if V is reduced, then (V,i/j,k) is uniquely determined by these properties. 

Proof. The eigenvariety was constructed by Buzzard [Buz07, §5] generalising an ear- 
lier construction of Coleman-Mazur [C M98| . The uniqueness, a formal property, was 
obtained by Bellaiche-Chenevier [BC09, Proposition 7.2.8]. □ 

2.10. p-adic forms of type (p, S, e, <f>). HW is an irreducible admissible representation 
of [/^(Aqo), then we define the ^"-module 

S$ w) =eA(U H ,W). 

Chenevier [ChelOl §2] has constructed a system of (PR) Banach modules on the weight 
space W that interpolate the spaces S^ w s . The system ofp-adic forms of type (p, S, e, (ft) , 
denoted S = {S^ Li : i £ N}, satisfies the following properties. 

• There exists a Q p -algebra homomorphism T~L~ — > End(S). 

• If t G Q p [Tg~], then t viewed as an element of H~ acts compactly on S and 
satisfies the compatibility condition t 6 Comp(S). 

• For all W, there exists a natural embedding of ^"-modules, 

S&v) ® <W) ^ Sl (w) 

where k(W) : Ts p — > Q p is viewed by restriction as a character of Tg'~ . Ch- 
enevier [ChelOj Proposition 2.17] also obtains a small slope is classical type re- 
sult. This allows us to deduce that certain p-adic forms / € Sj. are classical, 
that is / lies in the image of the above embedding. 

2.11. The eigenvariety of type (p, S, e, (ft). Let tt be an automorphic representation of 
Uji{A.p) such that e(irf) ^ 0. The complex vector space ^ 7T ^ uS p^k SuS p - g i-dimensional 
and 7i nr acts on this space via scalar multiplication. We shall write 

VwO) : U nr _» Q 
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for the corresponding homomorphism composed with t p . Let 

Z C Hom(?r,Q p ) x W(Q p ) 

denote the subset of pairs (^(vr, x) <8> tpur(ft), k(tToo)) where tt runs through the automor- 
phic representations of the above form and x t ne accessible refinements of tt. 

Theorem 2.7. There exists a unique tuple (T>,ifj, k, Z) where 

• T> is a reduced rigid analytic space over Q p , 

• ip : 7i~ — > O(D) is a Q p -algebra homomorphism, 

• k : T> — > W is a morphism of rigid analytic spaces, and 

• Z C T>(Q p ) is an accumulation and Zariski-dense subset (cf. [BCQ91 §3.3. 1}) 
such that 

• the map v = (k, : T> — > W x Gfjf is a finite morphism, 

• for all open affinoids V C W x Gjjf, i/ie natural map 

^v* : -> 0{v- x (V)) 

is surjective, and 

• the natural evaluation map P(Q p ) — > Hom r i ng ('H _ , Q p ) 

^ i—)- : (/i i—)- il)(h)(x)) 

induces a bisection Z — > 2, z4 (^ 2 ,k(z)). 
In addition, it also satisfies the following properties. 

• T> is equidimensional of dimension dim(W) = n[F : Q]. More precisely, T> has 
a canonical admissible covering which is given by the open affinoids Q CT> such 
that k(Q) is an open affinoid and the morphism k,\q : £1 — > k(Q) is finite and 
surjective when restricted to each irreducible component of £1 . Furthermore, the 
image by k of each irreducible component ofD is Zariski-open in W. 

• ip(H U r) C 0(D)- 1 where 0(D)- 1 C 0(T>) denotes the subring of functions 
bounded by 1. 

Proof. The eigenvariety is constructed by applying the eigenvariety machine to the p- 
adic forms of type (p, S, e, (ft) (cf. |ChelO[ Theorem 1.6]). We remark that the density of 
classical points follows from a small slope is classical type result (cf. [ChelOl Proposi- 
tion 2.17]) whilst the fact that T> is reduced follows from a result of Chenevier |Che05l 
Proposition 3.9]. □ 

3. p-ADIC Langlands functoriality: definitions 

We shall generalise the notion of Langlands functoriality to the setting of eigenvari- 
eties. The setup is as follows. Let H = U^, and G = U m where n = (n\, . . . ,n r ) and 
m € N. Let (p, S,eH,<ftii) and (p,S,ec,<f)G) be data. (Concerning notation, we shall 
add a subscript H or G to previously defined objects to indicate the group to which they 
are associated.) Let 

f : L H L G 
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be an L-homomorphism. Recall that L H = H x Wf where H = GL ril x • • • x GL Ur (Q) 
and the Weil group Wf acts via projection onto Gal(E/F) = {1, c} where c acts via the 
isomorphism 



c GL ni x • • • x GL nr (C*J — y GL ni x • • • x GL 

where 



gi*---xg r ^ $ ni *5i ^n, 1 x ••• x <^ nr t g r 



/ ••• 1\ 
••• -1 



V(-i)*- 1 ••• o o/ 



3.1. Unramified places. If v 5 is a non-archimedean place of F, then iL, and G;, 
are unramified groups and £ induces a map from the i^jy^-unramified representations 
of H(F V ) to the i^c^-unramified representations of G{F V ). Dual to this transfer, there 
exists a morphism of spherical Hecke algebras (cf. [Mini 11 §2.7]) 

C,, : C™(K GtI/ \G(F u )/K GjV ,Q p ) -> {K H>V \H{F V )/K H , V , Q p ) . 
Combining these morphisms, we obtain the morphism of spherical Hecke algebras 

3.2. Places in Sp. Let v G 5* p . We shall slightly modify the construction of the mor- 
phism of the spherical Hecke algebras (cf. [Mmlli , §2]) to obtain a map of refinements. 

The Q„-valued characters of Th^ v /Tj Iv (resp. T GiV /T G „) are naturally parameterised 

by the Q p -valued points of Th, v (resp. T GjU ) where Th,v (resp. T GjU ) denotes the dual 
torus of Tjjd (resp. T G)U ). This is seen via the following chain of canonical bijections 

Th,u(Q p ) = Hom(X*(f^,),Q p x ) 
= Hom(I t (^,),Q;) 

= Hom(Tf„Q p X ) 

where X* (resp. X*) denotes the group of algebraic characters (resp. algebraic co- 
characters) of the corresponding algebraic torus. The first bijection is simply the defini- 
tion of the Qp-points of Th >v . The second bijection follows from the canonical bijection 
X*(Thv) = X*{Th,v)- The third bijection is induced from the canonical bijection 

a v h-> a v (tJ). 

The fourth bijection follows from the canonical bijection Tjj iV /T^ v ~ 7# „. 

The L-homomorphism £ : L H —> L G restricts to give a map £ : H x T v — > G x T v 
where T v refers to the geometric Probenius element of Wf v ■ This induces a map 

T H ,u {Q p ) -> f G ,„ (Q p ) • 
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This map is canonical up to composing with an isomorphism of the form 

TgAQ p ) -> T Gi „(Q p ) 
diag(xi, . . . ,x m ) ^ diag(x ff( i), . . . ,x (T(m) ) 

where a G & m is a permutation. 

Dual to the map Th )U (Q p ) —> Tq, v (Q p )> we have a morphism of Q p -algebras 

Ku : Q p [Tg, v ] -> Q p [Th )V ] 
which is canonical up to precomposing with an isomorphism of the form 

t<r ■ Tg, u — > Tg, u 
diag(x 1? . . . ,x m ) h-> diag(x (7 ( 1) , . . . ,x CT ( m) ) 

where a G & m is a permutation. We shall refer to 7Z U as the refinement map. 

Remark 3.1. The reason that the morphism 1Z V is non-canonical is due to the fact that 
we are working at the level of refinements whilst the classical Langlands correspondence 
operates at the level of representations. Consequently in order to obtain a map of 
refinements, one is obliged to specify an ordering of the refinement map. Two such maps 
differ by t a for a choice of a G <5 m . 

Lemma 3.2. Let tth,v an d ^G,u be irreducible admissible representations of H {F v ) and 
G {F u ) respectively. Assume that iTjj'J ^ 0, tCq 1 ^ ^ 0, and ttg,v is the Langlands 
functorial transfer ofitH,i> via the L-homomorphism £. IfxH,v '■ T% v — r ^H,u/T^ Iv — > Q* 
is a refinement of tth,u? then XH,v °T^v ■ Tq v ~ Tg, u /T Gu — > Q* is a refinement of 

^G,v 

Remark 3.3. We stress that there is no claim that accessible refinements are mapped to 
accessible refinements. Such a claim would be false in general. 

Proof. Writing as follows the unramified character 

XH,u = XH,\,v X • • • XH,r,u ■ TgL u1 , V X • • • X Tq^^ -> Q* , 

we observe that the semi-simple conjugacy class of GL ni x • • • x GL nr (Q p ) corresponding 
to the geometric Frobenius via the local Langlands correspondence for tvh,v is represented 
by the element 

diag(xir,i,„(w, 1, . . . , 1), . . . , xh,i,v{1, . . . , 1, u7))x- • -xdiag(xH,rA w > 1> • • • > 1)> • • • > Xh,t,v{ 1 ^ 
Our construction of the morphism TZ U is based upon a slight modification of the construc- 
tion of the corresponding morphism of the spherical Hecke algebras ^ v (cf. [MfnlH 
§2]). It follows that the semi-simple conjugacy class of GL m (Q P ) corresponding to the 
geometric Frobenius via the local Langlands correspondence for ttg,v is represented by 
the element 

diag(xG,x/(SJ, 1, . . . , 1), . . . , Xg,v (1, • - - , 1, w)) 

where XG.u = Xh,u 

o K u : T^ Lm V -> Qp . That is X G,u is a refinement of ir G>u . □ 
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It will be convenient for reasons of algebraicity arising in the construction of the 
eigenvariety to renormalise the morphism as follows 

The effect of the normalisation is described by the following trivial lemma. 

Lemma 3.4. If xh,v '■ ~~ ^ Qp ^ s a homomorphism, then the following maps are 
equal 

(xh,u ■ ^l) o K = (xh,u o n v ) ■ s££ : t^ u q; . 

3.3. Weight space map. It remains to study the behaviour at archimedean places. 
We shall assume that our L-homomorphism £ satisfies the following hypothesis, which 
includes a compatibility condition between the behaviour of £ at the non-archimedean 
places in S p and the archimedean places. 

Hypothesis 3.4.1. If v G S p , then there exist Q p -algebra homomorphisms 

^■W,u '■ Qp[ T G,v] -> Q p [Th,u] 

such that the following conditions are satisfied. 

• Let uj = i p x v be the archimedean place corresponding to v. Let tth,u> an d ^G,u be 
irreducible admissible representations of H(F U} ) and G{F U ) respectively such that 
7TG,o) corresponds to ith,oj vm Langlands functoriality for £. Then there exists a 
a G & m (depending upon ttq^oj and tth,ui ) such that the following two characters 
are equal 

k(vt g , w ) = k(tth,uj) ° ^lv,u ° l <y '■ T G,u -» Qp • 
Furthermore H£y restricts to give a Z p -algebra homomorphism 

S VV,y : Z p[ r G>] ~^ Z pP#,d- 

• H£y v restricts to give a Q p -algebra homomorphism 

such that for all homomorphisms %, 5 : T^'~ — > Q* , 

(x-S)oA* v = ( X o K' v ) ■ (5 o E^) : if; -> Q p x . 
If v G S p , then the morphism v induces a Z p -algebra homomorphism 

: Z p [[T° )V }} -> ZjT^]]. 
This induces a Q p -rigid analytic morphism (cf. [dJ95, §7]) 

Sw,j/ : >Vff,„ -> Wg,,. 
Together these morphisms induce a Q p -rigid analytic morphism of the weight spaces 
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We also note that the morphisms A* : QpP"^] — > Q P [T H ' U ] where v € S p induce 
morphisms of the Atkin-Lehner algebras 

A* = ®„ eSj> A* : ii G -> 



3.4. Definitions. We are now in a position to introduce a notion of p-adic functoriality. 
Definition 3.5. A rigid analytic morphism 

S : V H -> P G 

is said to be the p-adic Langlands functoriality morphism for the tuple (£, Eyy, A*) (or 
simply £ if the context is clear) if the following diagrams commute. 

v H P G ^ G ^ ^ H 



V'G 



II 



% -^v W G O (V G ) O (X>h) 

Lemma 3.6. // £/te rigid analytic morphism S exists, then it is unique. 

Proof. Since the eigenvarieties 2?// and £> G are reduced, the morphism E is completely 
determined by the induced map on the Q p -valued points. The morphisms Hw and 
A* (g) £* r induce a map 

Hom(7^,Q p ) x Wif(Q p ) -> Hom(^ G ,Q p ) x W G (Q p ) 

which fixes the map of the eigenvarieties on the Q„- valued points. The result follows. □ 

Remark 3.7. Let us emphasise the main difference between classical Langlands func- 
toriality and p-adic Langlands functoriality. In the p-adic setting, one must make a 
non-canonical choice for the map of refinements TZ U for v £ S p , and different choices of 
maps give rise to different notions of functoriality. 

Concerning compatibility with classical Langlands functoriality, we have the following 
result. 

Lemma 3.8. Assume that S : T>h — > T>g, the p-adic Langlands functoriality morphism 
for£,, exists. Let -kh (resp. ixq) be an automorphic representations of H (resp. G) such 
that eni^Hj) 7^ (resp. e G (vr G ,/) ^0) equipped with an accessible refinement xh (resp. 
Xg)- Let xh € Dh(Q p ) (resp. xq € Dg(Q p )) be the Q p -point on the eigenvariety 
corresponding to the pair (u h (tt h ,Xh) <8> ^h,ut(^h), k h (^h,oo)) (resp. (^g(^g,Xg) ® 
^G,ux{^g)^g{t^G,oo)))- Then the following statements hold. 

• IfE{xn) = xq, then txq corresponds to tth via Langlands functoriality for £ at 
both the archimedean places and the non-archimedean places v S U S p . 

• Conversely, if 

— ttq corresponds toixu via Langlands functoriality for £, at the non-archimedean 
places v S U S p ; 

- H w (k(7Th,oo)) = k(tt Gi00 ) G W G (Q p ); and 
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- for all v € S p , \H,u °Hv = Xg,i> ■ Tg u ->■ Q p , 
then "E{xh) = %G- 

Proof. We shall prove the first statement since the proof of the second statement follows 
from the definitions in a similar fashion. The conditions imposed upon tth and ttq ensure 
that the points xh and xq exist. The representation ttq is seen to be the transfer of tth 
via Langlands functoriality at both the archimedean places and the non-archimedean 
places v S U S p . The former follows from our conditions imposed upon the weight 
space morphism Hyy whilst the later follows from the properties of the spherical Hecke 
algebra morphism £* r : U G ,ur -> Hff,ur- 

□ 



4. p-ADic Langlands functoriality: Construction of the morphism 

We shall construct thep-adic Langlands functoriality morphism when the L-homomorphism 
£ is the Langlands direct sum. 

4.1. The Langlands direct sum for the unitary group. We shall define the Lang- 
lands direct sum L-homomorphism and make explicit the induced transfer of represen- 
tations. Let E/F be a totally imaginary quadratic extension of a totally real field. Let 
n : F x \Ap — > C x be the character associated to the field extension E/F via class field 
theory. Fix a unitary character 

fi:E x \A* ^C x 

such that 

• fj, extends rj; 

• if v G S p , then \x is unramified at u\ and 

• if v is non-archimedean and inert in E, then fi is unramified at v. 

The character [i can be seen via class field theory as a character of the Weil group We- 
At archimedean places oj of E, the Hecke character is of the form (cf. [BC091 §6.9.2]) 

z ^ (z/z) 01 " 

for some half- integer a w . 

For all integers i 6 Z, we shall define the Hecke character fn : E X \A E — > C x 




fi : if i is odd 
1 : if i is even 



and correspondingly for all archimedean places oj of E, we define 

J a w : if i is odd 
1 : if i is even 

In what follows, we shall often abuse notation and view an archimedean place oj of F as 
the corresponding archimedean place of E lying above oj and vice versa. We shall also 
often view the characters m as having values in Q p via the isomorphism i p . 
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We can now introduce the following L-homomorphism, which we shall refer to as the 
Langlands direct sum L-homomorphism. 

£ = ^ : L (U ni x • • • x U rir ) -> L U n 

g x x---xg r xl h-> diag(5i,... ,g r ) x 1 

4i X • • • V X W H-> diag (fJL n - ni (w) Im,..., /i„-n r (w) I nr ) xw Vw € We 

I ni X ■■■ X I nr X w c H> diag($ ni ,...,$„ r )$^ 1 x w c 

where w c denotes a chosen lift of c G Gal (E/F) and I n - denotes the identity matrix of 
GL rii {C). 

Remark 4.1. If n = (o, 6), then £^ is the endoscopic L-homomorphism studied in |Rog90, 
§4]. 

We shall now make the corresponding Langlands functorial transfer of representations 
explicit in some cases (cf. |Whil21 §4.2]). 

• Assume that w\oo. Let ir w be an irreducible admissible representation of Ufi (F u ). 
Let {k{j : 1 < i < r, 1 < j < rii} be the ordered set of highest weights of tt^. 
The Langlands functorial transfer of 7r w is defined if the numbers 

m + 1 . 

~^ 2 j &n— n^jOj) i — 1) • • • j T j — 1, . . . , 71^ 

are distinct (otherwise the corresponding L-parameter of U^F^) will not be 
relevant). Let 

i 2 = 1 , . . . , n 

denote the reordering of the kij + — j + a n - nuUJ such that k' s > k' t for all 
s > t, and let fcj = k\ — + i for all i = 1, . . . , n. The Langlands functorial 
transfer of ir u , denoted £^(7^), is the irreducible admissible representation of 
U n (Fu) whose highest weights are equal to 

{ki : i = 1, ... ,n} 

We remind the reader that the terms TO ' 2 hl — j and — + i appear due to 
the difference between the Langlands parameterisation and the highest weight 
parameterisation of an irreducible admissible representation of U (F u ) (cf. [BC091 
§6-7]). 

• Assume that v is a finite place of F that splits m. E. If ir u is an irreducible 
admissible unitary representation of Uf t (F u ) = GL ni x • • • GL nr (F u ), then 

Indp™7Ti i; , • /i n _ ni)i y X • • • X 7T r ^ u ■ fJ-n—n r ,u 

where denotes the standard Parabolic subgroup with Levi-component U^, is 
an irreducible admissible unitary representation of U n (F u ) (cf. |Ber84j), and it 
is the Langlands functorial transfer of tt u . 

• Assume that v is a finite place of F that remains inert in E. If n u is unram- 
ified, then the correspondence can be explicitly described in terms of Satake 
parameters (cf. .\ I fiiTTl §4]). 
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Let v € S p . We shall study the map on refinements induced by TZ U . Explicitly, the 
morphism can be seen to be equal to 1Z U = TZq <u o t Cv for a choice of a v € 6 n where 

R-o,v : Q P [ T u n ,u] ~> Qp[ T U a ,v] 
diag(xi i i, . . . ,zi,ni,x 2 ,i, . . . ,av,ra r ) ^ Mn-ni,^(^i,i • • -^i,ni) ■ diag(xi i i, . . . ,X 1>ni ) X 

X l-Ln—n r ,v{Xr,l ' ' ' Xr : n r ) ' diag(x rj i, . . . , X rjrlr ). 

The Q p -algebra morphism TZq^ induces a map on refinements, which can be explicitly 
described as follows. Let 

XU H ,u = XU H ,i,u x • • • x Xu n ,r,v ■ lf} HtV ^ T v , tV /T^ u -> Q* 

be an unramified character. Then 

Xu^oTZ^:T UntU /T^ v ^q, x p 

r 

diag(xi,i, . . . , x hni , x 2 ,i, • • • , x r , nr ) ^ JJ /j, n - nijl/ {x itl ■ ■ ■ x i>ni ) ■ xu a ,iA dia s(xi,i, • • • , x i:Tli 

i=i 

Under certain conditions, one can ensure that accessible refinements are mapped to 
accessible refinements, which will not be the case in general. 

Lemma 4.2. Let v € S p . Let T^u a ,u = x [=i 7r c/-,i,i' ^ e an irreducible admissible tempered 
representation of U^{F V ) such that TT^f'J ^ 0. Let Xu a ,v be & n accessible refinement of 
nu a v . Let ttu„,u be the ^-Langlands functorial transfer of ^u n ,v to U n (F u ). Let a u £ <5 n 
such that 

a v (i) < (7 u (j) for all uq + ■ ■ ■ + nt < i < j < n t +i for all < t < r — 1 
where uq = 0. Then i^ n ^ ^ and X[/ S ,i/ O ^o,i/ Ot ff„ is an accessible refinement ofirjj n ^. 

Proof. Since the representation iru R ,v is tempered with an Iwahori-invariant vector, it is 
isomorphic to a representation of the form 

GL 

■nu n ,v ^ x[ =1 Ind Pi ^7^1 • St(dj,i) x • • • x 7 i>mj ■ St(d i>rHi ) 
where for all i = 1, . . . , r 

• Ylj=l = n i'i 

• Mi is the standard Levi subgroup with blocks of size dij and Pj is the corre- 
sponding standard Parabolic; and 

• for all j = 1, ... , mi, 

— if dij 1 5 then is an unramified unitary character and St(djj) denotes 
the standard Steinberg representation of GL^.^F^) and 

— if dij = 1, then 7^ / 1 is a non-trivial unramified unitary character and 
St(l) = 1 denotes the trivial character. 

It follows that 

iru n , v ~ Ind£ L " x[ =1 yJfl^n-nuv ■ ■ St(djj) 

where P denotes the corresponding standard Parabolic. This representation has an 
Iwahori invariant vector. The fact that the morphism 1Z V , under the restrictions imposed 
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upon a u , sends an accessible refinement of nu H ,u to an accessible refinement of itu n ,u 
follows from a general result of Zelevinsky [Zel80, Theorem 6.1]. □ 

Let v G S p and let uj = l^ 1 o v G Soo denote the corresponding archimedean place. 
Choose a <7v € & n as in Lemma B~2l The morphisms A* and H^y v can be chosen to be 
K = K,v ° t<T„ and E* w ^ = E* w ^ u o t ff „ where 

S W,0,i/ : QpPl/n,*'] Qp[Tu H ,v] 

r n i n-n 

diag(Xi 5 i, . . . ,£l,ni, 352,1, ■ ■ ■ ,^r,n r ) ^ ] 1 1 1 x i j diag^Xj,! , . . . , X^ n J 

i=lj=l 



diag(xi i i, . . . ,Xi jni ,X 2 ,l, . . . ,X r ,n r ) ^ \\ (J>n-TH,v( x i,l 

i=lj=l 



-+niH hrii_i 



a^j diag^i,...,^^ 
Lemma 4.3. T/ie induced morphism 

is an isomorphism of weight spaces. 

Proof. This follows directly from the fact that the induced Z p -algebra morphisms 

*W,„ : Z p [[T° nii/ ]] -> Z p [[T°J] 

are isomorphisms for all 1/ € S^. □ 

Lemma 4.4. Lei z/ G S p and let a v G & n be as in Lemma \4-.S\ (this fixes the morphism 
1Z U = lZo,v The morphisms A* and Hyy v are the unique morphisms that satisfy 

Hypothesis 3.J^.1\ for this choice of TZ U . 

Proof. The fact that the morphisms satisfy Hypothesis 13.4. 11 follows from a simple check. 
To see that the morphisms are unique, we observe the following. By the first condition 
of Hypothesis 13.4. 1 ^ one observes that the morphism Hyy v = Hyy v o l Uu is uniquely 
determined up to composing with an isomorphism of the form u a i where a' G <5 n . The 
second condition of Hypothesis 13 . 4. ll forces a' to be the identity permutation, that is the 
morphism Hyy v is the unique morphism to satisfy Hypothesis 13.4.11 The uniqueness of 
the morphisms A* is seen to follow from the second condition of Hypothesis 13.4.11 

□ 

4.2. p-adic Langlands functoriality for the Langlands direct sum. For all v G S p , 

let a u G & n as in Lemma [4^21 We shall consider data (p, S, eu H , 4>u a ) and (p, S, eu n , (f>u n ) 
of the following form. 

• E/F is a totally imaginary quadratic extension of a totally real field that is 
unramified at all finite places. 
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• A S p is a non-archimedean place of F that does not split in E. 

• S is a finite set of places of F such that \ £ S, S H S p = ®, and if v £ S — A then 
v is non-archimedean and splits in E. 

• For all v € S — A, e[/ Hj „ = 1/^ w (resp. eu n , v = 1% „) seen as an idempotent of 

the Hecke algebra C^(U n (F v ), Q p ) (resp. C?(U n (F u ), Q p )). 

• e[/ Hi A corresponds to the Bernstein component of a supercuspidal representation 
(cf. [BC091 Example 7.3.3]) cru H: \ = ai/fi,i,x x • • • x (Tu a r \ such that for all i / j, 

<rUit,i,\ ^ vu n ,j,\- 

ejj n x is the sum of the idempotents corresponding to the Bernstein components 
containing the discrete series representations &u n ,\ £ n where II is the L-packet 
of discrete series representations of U n {F\) which are the ^-Langlands functorial 
transfer of <Ju~ \ (see [Whil2t §3.3.5] for a discussion of the local Langlands 
classification of discrete series representations for the quasi-split unitary group 
due to Mceglin |Moeg07| ). 

• 4>u a G QpP~i7 "sp] an d 4>u n = ^*(4>Ufi) which due to our explicit description of A* 

we see lies in Q p [Tu~ Sp \- 

We shall now construct the p-adic Langlands functionality morphism H : T>u — > T>jj n 
for the Langlands direct sum £^ and our choice of a v for v € S p . In order to do so, we 
must first introduce an auxiliary eigenvariety. 



4.2.1. Auxiliary eigenvariety. The morphism 

equips the p-adic forms of type (p, S,eu H ,4>u R ), denoted Sfj a = {Su n ,i]ti '■ i € N}, with 
an action of the Hecke algebra "Hy 

Ku n -> ^ End(S f/ J 

where the second morphism is the natural action of the Hecke algebra on S^. Feeding 
the datum (Wu H , S[/ s , , 4>u n ) Buzzard's eigenvariety machine, we obtain the cor- 
responding Eigenvariety (P', ij/, k') which is seen to be reduced (cf. |Che05l Proposition 
3.9]). 



4.2.2. The two morphisms. We shall construct the morphism H : T>u H — > T>u n as the 
composite of two morphisms Hi and E2 where Hi : T>u H — > P' and H2 : P' — > Vjj n are 
Qp-rigid analytic morphisms such that the following diagrams commute. 



Per- 



V 




u 
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Wu H ^Wu n 0(V Un 




0(V) 



4.2.3. Existence of the morphism Hi. 

Lemma 4.5. There exists a Q p -rigid analytic morphism Hi : T)jj r — > D' for which the 
respective diagrams in Section \^.2.1\ commute. 

Proof. In order to construct Hi, we shall require Buzzard's construction of the eigenva- 
riety which we shall briefly recall. Details of this construction can be found in either 
|BC09l §7.3.6] or jBuz07| . 

One associates to (f>u n a unique Fredholm power series (T) G 1+T -0(Wu H ){{T}} 
such that for all open affmoids V C W<y H and for all i G N sufficiently large 

P^ n (T)\ v = det(l - T ■ 4>u n Isu^iV)) e 1 + T ■ 0{V){{T}}. 

Let ZfPfa. ) C Wi/fs x G™ denote the associated Frodholm hypersurface. The eigenva- 

v ^ ft n 

riety T>u R is constructed as a cover for Z{P^ >U J). We shall write pr x : Z(P ( / >U ^) — >• Wjj h 
for the projection map onto the Wf/ fl component. There exists a canonical admissible 
covering of Z{P ( j >u J) given by the open affinoids fi* C Z , (P^ (7- ) for which the image 
pri(f2*) C Wu H is an open affinoid and the induced map pr-Jn* : fi* — > pr 1 (f2*) is finite. 



G C r *r and V 



pr 1 (f2*), then one can use the resultant to canonically factorize 

P*uJv = Q4>uR<t>u, e o(v){{T}}. 



This induces for i G N sufficiently large, an 0(V)-Banach module %^-equi variant 
decomposition 

s Ua>l (v) = s UR (n*)(BN(n*,i) 

where Sa(fl*) is a finite projective 0(F)-module that is independent of i. The part of 
the eigenvariety lying above Q* , that is i/^(f2*) is equal to the maximal spectrum of the 
image of %y in End(Su H (^*))- 

Consider now the analogous objects used in the construction of the eigenvariety T>' . 
By construction, the underlying Banach spaces Su nt i(V) are identical to those used in the 
construction of T>u n and the corresponding action of 4>U n is equal to the action of <pUa ■ 
It follows that the corresponding Fredholm power series are equal and the associated 
Fredholm hypersurfaces are identical. 

Let Q* G Cjy , let V = pri(0*), and let i G N be sufficiently large. Using the obvious 
notation since the Fredholm power series are identical, we see that Q* G C*' and 



Write A' Qt (resp. A v , 



U„„Q* 



s Uft (n*) = s'(n*), 

for the image of %ij (resp. HyS, 



in End(%.(fT)). Since 



Htt acts through the morphism A* ® £* r : H 



i'n 



Htj^, we have a natural embedding 
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Aq, ^ Au^ q*. This induces a morphism between the parts of the eigenvariety lying 
above Q.*: 

These morphisms glue together to give a morphism Hi : T>u a -4 T>' , which is seen to 
make the respective diagrams in Section [4.2.11 commute. □ 

4.2.4. Existence of the morphism H2. The morphism H2 shall be constructed by apply- 
ing some work of Chenevier |Che05] to interpolate the classical Langlands functoriality 
transfer for the Langlands direct sum. 

Lemma 4.6. Let TTjj a be an automorphic representation o/f/^(A) such that 

• for all archimedean places v, itu~v has regular highest weight and the local £- 
Langlands functorial transfer to U n (F u ) exists and has regular highest weight, 

• for all non- archimedean places v 7^ A, t^ji^" 7^ 0, and 

• iru H ,\ <ru Hi \. 
Then, 

• ttjj h appears in the discrete automorphic spectrum ofUfi(A) with multiplicity one, 

• ^u-,v is tempered for all non- archimedean places v that split in E, 

• there exists an automorphic representation TX\j n of U n (A) such that irjj n is the 
^-Langlands functorial transfer of iru a at all places, and 

• there exists a constant C € N depending only upon o-jj a ^\, such that d\meu n {-Ku n j) < 
C ■ dhn.eu n (ir Untf ). 

Proof. Let us assume the terminology of [Whil2]. The multiplicity one statement is a 
special case of [Whil2[ Theorem 11.2]. Write nu H = ifu~,i x • • • x iru~r- F° r i = 1, ■ ■ ■ ,t, 
let Ilj be the Langlands base change of iru R ,i to GL ni (A^) which exists as a cuspidal 
automorphic representation (cf. |Whil2[ Theorem 6.1]). If v = vv 1 is a non- archimedean 
place of F that splits in E, then by the definition of local Langlands base change 

= Ui >v x IL^ ~ nu H ,i,v x ^u H ,i,u Vi = 1, . . . , r. 

By a result of Shin [Shill, Corollary 1.3], the representations IL are tempered at all 
finite places. It follows that ttu~ v is tempered. To see the existence of nu„i we first 
define the automorphic representation of GL n (A^) 

n' = (i n - ni Hi eb ■ ■ ■ ffl fi n - nr ii r . 

Let 7T{/ n be an automorphic representation of U n (A) whose Langlands base change is 
isomorphic to II' whose existence is guaranteed by |Whil2[ Corollary 11.3]. One checks 
from the respective definitions that TTjj n is the ^-Langlands functorial transfer of ttjj^ at 
all places. 

For the final statement, define 

~ dim eu^xicru^xY 



C = max 



: °u n ,\ G n 



where II denotes the L-packet of discrete series representations of U n (F\) which are the 
Langlands functorial transfer of (Tu H ,\- We observe that dim eu a {^u a ,f) = ELesuSp dim eu n ,vi^l! n ,v) 
and dim eu n {^u n J ) = Uuesus v dim e U n A x U n ,u)- If v € SuS p -X, then dim eu H ,u( x U H ,u) = 
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dim7rJ^J (resp. d\mejj n ^{^u n ,y) = dim 7^™^) which is equal to the number of acces- 
sible refinements of ttu^v (resp. ^u n ,u) (see Lemma f2T3l whose result trivially extends to 
v € S U S p — A). It follows from Lemma I3~2l (trivially extended to v G £ U 5 P — A) that 

The result follows. □ 

Lemma 4.7. There exists a Q p -rigid analytic morphism S2 : T>' — > 2?j/ n /or which the 
respective diagrams in Section \4-2.1\ commute. 

Proof. We remind the reader that Eyy : VV{/ a — >■ W[/ n is an isomorphism which allows 
us to identify the two spaces (cf. Lemma l4.3p . The existence of such a H2 will follow 
from the interpolation result of Chenevier [Chc05, Theorem 1] combined with a small 
slope is classical type result [ChelO, Proposition 2.17] upon confirmation that for all 
irreducible admissible representations Wu n of £/^(Aoo) of regular highest weight, for all 
irreducible admissible representations Wu n of f7 n (Aoo) of regular highest weight such 
that Eyv(5(Wu H )) = 8w Un i an d for all h £ , we have that 

det(l - Th ■ Ms^ K(Wua) m(W UH ))\^ ~ Th ■ Ms^^^j) 

as elements of C P [T] where we are using the morphism A* ® £* r : l~Lij n — > to 

view Sri mr \ as a Ti.7 T -module. In fact, the result will follow from a slightly weaker 

statement namely that there exists a C € N such that for all Wu R , Wu n , and h as above, 
we have that 

det(l - Th ■ fojg* ^{Wujl det(l - Th ■ &/Js£ ^(Wujf ■ 

The fact that this weaker statement suffices follows from the fact that the eigenvariety 
T>u n is seen to be canonically isomorphic to the eigenvariety constructed from the data 

(W[/ n) S® n c ,^ n) ^J 

where the direct sum of system of (PR) Q p -Banach modules over Wu n is defined in the 
logical way. 

The desired statement is a simple consequence of Lemma l4.2l and Lemma l4.6l which we 
shall now explain. By Lemma 12.5} we have the following isomorphisms of T-Cq -modules, 

S U„MW Un ) -® m ^U n )e Un {^U n j) <8)c, tp Q P 
n u„ 

S UnMWu n ) -0 m ( 7r ^) e ^( II ^ 1 /) ®C )tp Q P 



where 7Tj/ n (resp. t^u h ) runs through the automorphic representations of U n (A) (resp. 
U H (A)) such that iru n ,oo ^ W Un (resp. n Uft!00 ~ W Uft ) and e Un (U UnJ ) / (resp. 
eifftfiLufij) 7^ 0), and 7Tu H is viewed as a 'H^-module via the morphism A* <g) £* r : 
TiTj — > T~Ljj^- By Lemma l2.3( Lemma 14.21 and Lemma 14.61 we have an embedding of 
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H7 T -modules 

where C 6 N is chosen as in Lemma 14.61 The result then follows. 

□ 

4.2.5. Existence of 'E. 

Theorem 4.8. Lei ct„ E <5 n 6e as in Lemma for all v € S p , and let the data 
(p, S, eu n , 4>u n ) and (p, S, ejj n , 4>u„) be as in Section \4-2\ Then the p-adic Langlands 
functoriality morphism 

S : V Ur V Un 
for the Langlands direct sum exists and is unique. 

Proof. Define H = S2 Ei where Si is the morphism appearing in Lemma 14.51 and H2 is 
the morphism appearing in Lemma 14.71 The result follows by Lemma 13.61 and Lemma 

H3J □ 
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